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Abstract
We review the relationship between the largest Mathieu group and various modular objects,
including recent progress on the relation to mock modular forms. We also review the connections
between these mathematical structures and string theory on K3 surfaces.
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1 Cusp Forms and M24
We start by recalling some facts about the largest Mathieu group, M24. The group M24 may be
characterised as the automorphism group of the unique doubly even self-dual binary code of length
1Submitted to the AMS Proceedings of Symposia in Pure Mathematics (String-Math 2011).
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24 with no words of weight 4, also known as the (extended) binary Golay code. In other words,
there is a unique (up to permutation) set, G say, of length 24 binary codewords (sequences of 0’s
and 1’s) such that any other length 24 codeword has even overlap with all the codewords of G if
and only if this word itself is in G, and the number of 1’s in each codeword of G is divisible by but
not equal to 4. The group of permutations of the 24 coordinates that preserves the set G is the
sporadic group M24. See, for instance, [1].
[g] cycle shape ηg(τ) kg ng Ng hg
1A 124 η24(τ) 12 1 1 1
2A 1828 η8(τ)η8(2τ) 8 2 2 1
2B 212 η12(2τ) 6 2 4 2
3A 1636 η6(τ)η6(3τ) 6 3 3 1
3B 38 η8(3τ) 4 3 9 3
4A 2444 η4(2τ)η4(4τ) 4 4 8 2
4B 142244 η4(τ)η2(2τ)η4(4τ) 5 4 4 1
4C 46 η6(4τ) 3 4 16 4
5A 1454 η4(τ)η4(5τ) 4 5 5 1
6A 12223262 η2(τ)η2(2τ)η2(3τ)η2(6τ) 4 6 6 1
6B 64 η4(6τ) 2 6 36 6
7AB 1373 η3(τ)η3(7τ) 3 7 7 1
8A 12214182 η2(τ)η(2τ)η(4τ)η2(8τ) 3 8 8 1
10A 22102 η2(2τ)η2(10τ) 2 10 20 2
11A 12112 η2(τ)η2(11τ) 2 11 11 1
12A 214161121 η(2τ)η(4τ)η(6τ)η(12τ) 2 12 24 2
12B 122 η2(12τ) 1 12 144 12
14AB 112171141 η(τ)η(2τ)η(7τ)η(14τ) 2 14 14 1
15AB 113151151 η(τ)η(3τ)η(5τ)η(15τ) 2 15 15 1
21AB 31211 η(3τ)η(21τ) 1 21 63 3
23AB 11231 η(τ)η(23τ) 1 23 23 1
Table 1: The cycle shapes, weights (kg), levels (Ng) and orders (ng) of the 26 conjugacy classes of the sporadic
group M24. The length of the shortest cycle is hg = Ng/ng. The naming of the conjugacy classes follows the ATLAS
convention [2]. We write 7AB, for example, to indicate that the entries of the incident row are valid for both the
conjugacy classes 7A and 7B.
As such, M24 naturally admits a permutation representation of degree 24, which we denote R
and call the defining representation of M24, and via R we may assign a cycle shape to each of its
elements. For example, to the identity element we associate the cycle shape 124, to an element of
M24 that is a product of 12 mutually commuting transpositions we associate the cycle shape 2
12,
and so on. More generally, any cycle shape arising from an element of M24 (or S24, for that matter)
is of the form
i1
`1i2
`2 · · · ir`r ,
r∑
s=1
`s is = 24 ,
for some `s ∈ Z+ and 1 ≤ i1 < · · · < ir ≤ 23 with r ≥ 1. Clearly, the cycle shape of an element
g ∈ M24 depends only on its conjugacy class, denoted by [g], although different conjugacy classes
can share the same cycle shape. We write
2
χ(g) = trR g
for the character attached to this 24-dimensional representation of M24. The decomposition of R
into irreducible representations of M24 is given by
R = ρ1 ⊕ ρ23
(cf. Table 3). The value of the character χ(g) equals the number of fixed points of g in the action
on the set of 24 points. In particular, note that χ(g) = `1 in case i1 = 1 and χ(g) = 0 otherwise.
It turns out that the cycle shapes of M24 have many special properties that will be important
for the understanding of the modular properties of the associated McKay–Thompson series which
we will discuss shortly. First, the M24 cycle shapes are privileged in that they are all of the so-called
balanced type [3], meaning that for each g ∈M24 there exists a positive integer Ng such that if
∏
i`ss
is the cycle shape associated to g then
∏
s
i`ss =
∏
s
(
Ng
is
)`s
.
We will refer to the number Ng as the level of the g.
If g has cycle shape i`11 · · · i`rr then the order of g is the least common multiple of the is’s. A
second special property of [g] ⊂M24 is that the order of g coincides with the length ir of the longest
cycle in the cycle shape. Henceforth we will denote ng = ir.
Finally, observe that for all g ∈M24 the level Ng defined above equals the product of the shortest
and the longest cycle. Hence we have nghg = Ng where hg denotes the length of the shortest cycle
in the cycle shape. Moreover, we also have the property hg|ng and hg|12. This is reminiscent of
the fact, significant in monstrous moonshine [3], that the normaliser of Γ0(N)/〈±Id〉 in PSL2(R)
(cf. (1.2)) is a group containing a conjugate of Γ0(n/h)/〈±Id〉 where n = N/h and h is the largest
divisor of 24 such that h2|N . We also set kg =
∑r
s=1 `s/2 to be half of the total number of cycles
and call it the weight of g. Of course, Ng, ng, hg and kg depend only on the conjugacy class [g]
containing g. All the values of these parameters can be found in Table 1.
To each element g ∈M24 we can attach an eta-product, to be denoted ηg, which is the function
on the upper half-plane given by
ηg(τ) =
∏
s
η(isτ)
`s (1.1)
where
∏
s i
`s
s is the cycle shape attached to g, and η(τ) is the Dedekind eta function satisfying
η(τ) = q1/24
∏
n∈Z+(1 − qn) for q = e(τ), where here and everywhere else in the paper we use the
shorthand notation
e(x) = e2piix .
As was observed in [4, 5], the eta-product ηg associated to an element g ∈ M24 (or rather, to its
conjugacy class [g]) is a cusp form of weight kg for the group Γ0(Ng), with a Dirichlet character ςg
that is trivial if the weight kg is even and is otherwise defined, in terms of the Jacobi symbol (
n
m),
by
ςg(γ) =

(
Ng
d
)
(−1) d−12 , d odd,(
Ng
d
)
, d even,
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in case d is the lower right entry of γ ∈ Γ0(Ng). Let’s recall that
Γ0(N) =
{
γ
∣∣∣ γ = (a b
c d
)
∈ SL2(Z) , c ≡ 0 mod N
}
, (1.2)
and a cusp form is a modular form which vanishes in the limit as τ → i∞.
Interestingly, these cusp forms point to the existence of an infinite-dimensional Z-graded module
for M24; a fact we will now explain. It is by now a routine task to construct a module for M24
whose graded dimension is the reciprocal of the cusp form η24(τ). To see this, let us consider the
defining 24-dimensional representation R. To obtain a q-series we also need an extra Z-grading.
Hence we will take a copy of this representation, denoted by Rk, for each positive integer k and
consider the direct sum
V = R1 ⊕R2 ⊕· · · =
∞⊕
k=1
Rk .
Furthermore we would like to consider the graded Fock space H built from the above infinite-
dimensional vector space V
H =
∞⊕
n=0
SnV =
∞⊕
k=0
Hk , SnV = V ⊗n/Sn ,
where the Z-grading is naturally inherited from that of V . The associated partition function is
then given by
Z(τ) =
∞∑
k=0
qk−1dimHk = 1
η24(τ)
.
In the language of vertex operator algebras, this is simply the partition function of the conformal
field theory (CFT) with 24 free chiral bosons. Namely, we consider 24 pairs of creation and
annihilation operators a
(i)
−k, a
(i)
k , i = 1,· · · , 24 for each positive integer k, which furnish the 24-
dimensional representation Rk and satisfy the commutation relation
[a
(i)
k , a
(j)
` ] = δijδk+`,0 .
The quantum states of this theory are built from the unique vacuum state |0〉, characterised by the
condition a
(i)
n |0〉 = 0 for all n ≥ 0, i = 1,· · · , 24, and take the form
a
(i1)
−n1 · · · a
(iN )
−nN |0〉 , nk > 0, 1 ≤ ik ≤ 24 ,
while the Hamiltonian of the theory is given by the operator
Hˆ =
24∑
i=1
∞∑
n=1
na
(i)
−n a
(i)
n − 1 .
Hence the partition function of this theory is indeed given by the modular form
Z(τ) = trH qHˆ =
1
η24(τ)
.
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Notice that, physically the (−1)-shift in the Hamiltonian operator corresponds to the ground state
energy in the quantum theory with H as the space of quantum states (the Hilbert space).
From the above construction, in particular the fact that the M24-action commutes with the
Z-grading, we conclude that not only H but also each of its components Hk are M24-modules.
Hence, for each element g ∈ M24 we can consider the following twisted partition function, or
McKay-Thompson series
Zg(τ) = trH gqHˆ =
∞∑
k=0
qk−1
(
trHk g
)
. (1.3)
To be more precise, in the above formula g really stands for the corresponding linear map acting on
the representation in question. Note that taking the identity element g = 1, we recover the usual
partition function trH qHˆ = Z(τ) encoding the graded dimension of the representation. Moreover,
it is clear from their definition that these McKay-Thompson series depend only on the conjugacy
class [g] of the group element. Namely, we have
Zg(τ) = Zhgh−1(τ) .
From the description of H, it is now easy to prove that they are given by the eta-products as
Zg(τ) = q
−1 exp
( ∞∑
k=1
trV
(qHˆg)k
k
)
= q−1 exp
( ∞∑
n=1
∞∑
k=1
qnk trR(g
k)
k
)
=
1
ηg(τ)
. (1.4)
In the path integral language, the summing over k in the expression for logZk can be thought of
as a sum over how many times the time circle of the world-volume wraps around the time circle in
the target space.
In other words, we can equate the McKay-Thompson series of the infinite-dimensional M24-
moduleH, given by the twisted partition function of the physical theory Zg(τ), to a weight−kg, level
Ng modular form 1/ηg(τ). The first few Fourier coefficients of the twisted partition functions and
the corresponding M24-modules Hk in terms of its decomposition into irreducible representations
can be found in Table 4.
A few comments are in order here. First, historically the relation between the ηg(τ) and M24
was phrased in terms of the eta-products themselves as opposed to their reciprocals as we described
above. In that case, underlying the Fourier coefficients is an infinite-dimensional, Z-graded super
(or virtual) module of M24, corresponding to considering instead the following Z/2-graded Hilbert
space
H˜ = H˜0¯ ⊕ H˜1¯, H˜k¯ =
∞⊕
n=0
Λ2n+kV
which is the exterior (super)algebra of the infinite-dimensional vector space V , where V is regarded
as having odd parity [4, 6]. A super G-module is just a G-module W with a G-invariant Z/2-grading
W = W0¯ ⊕W1¯. Given such a module we may consider the operator F : W → W for which the
subspaces Wk¯ are eigenspaces with eigenvalue k for F . Then the super trace of an operator A on
W is defined by setting
strWA = trW (−1)FA.
In physical terms such a Z/2-grading often indicates the presence of fermions, and the operator F
is called the fermion number operator.
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Second, as the alert reader may have noticed, starting from η24(τ) we can build not only an
infinite-dimensional module H for M24 but this same space (or vertex operator algebra) admits an
action by the full symmetric group S24, or even O24(C)2. In this sense, the relation between these
21 eta-products and M24 is not as distinguished as one might have hoped from the point of view of
moonshine. Nevertheless, as we will see later in §4, together with various weak Jacobi forms, mock
modular forms and Siegel modular forms, they do tie together and form a closely-knitted net of
modular objects attached to the sporadic group M24.
Third, while we have seen that the eta-products ηg(τ) are cusp forms of level Ng, from the
following standard CFT arguments we expect a further, more refined modular property. To explain
this, let us first discuss a certain natural generalisation of the above discussion: Given a vertex
operator algebra H and two commuting automorphisms g and h we expect there to exist a so-called
h-twisted module H(h) for H and one can consider the twisted twisted sector partition function
Z
(
τ ; g
h
)
(1.5)
defined as the (rationally) graded trace of g on H(h), thereby generalizing the twisted partition
function Zg(τ) which is recovered by taking h to be the identity. The significance of the twisted
partition functions (1.5) in the context of monstrous moonshine was first observed by S. Norton in
[7] and dubbed generalised moonshine. It is conjectured in loc. cit. that any such function is either
constant or a generator for the field of functions on some discrete subgroup of PSL2(R) in case H
is the moonshine module vertex operator algebra and g and h are a commuting pair of elements of
the Monster simple group. An analogue of generalised moonshine for commuting pairs of elements
of M24 is discussed in [8].
Recall that the equivalence between the Hamiltonian and Lagrangian formulations of quantum
field theory implies that the insertion of the elements g and h as in (1.5) has an interpretation as
altering the boundary condition of the path integral over the maps from an elliptic curve world-
sheet into the target space. Identifying the modular group SL2(Z) as the mapping class group
acting on the elliptic curve world-sheet, we conclude that the following must hold
Z
(
τ ; g
h
)
= ε(γ, g, h)Z
(
τ |γ ; gahb
gchd
)
, γ =
(
a b
c d
)
∈ SL2(Z),
where ε(γ, g, h) is a phase. Specializing the above equation to the case that h is the identity we
conclude that the McKay-Thompson series Zg must be invariant up to a phase under the group
Γ0(ng) where ng is the order of the group.
Indeed, the eta-product ηg also defines a cusp form of weight kg on the larger (or equal) group
Γ0(ng) ⊇ Γ0(Ng) if we allow for a slightly more subtle multiplier system. Note that this change in
multiplier system only comes into play when g is in one of the fixed-point-free classes of M24 with
χ(g) = 0, for otherwise Γ0(ng) = Γ0(Ng). Our convention is to say that a function ξ : Γ→ C∗ is a
multiplier system for Γ of weight w in case the identity
ξ(γσ) jac(γσ, τ)w/2 = ξ(γ)ξ(σ) jac(γ, στ)w/2 jac(σ, τ)w/2 (1.6)
2Although in general the corresponding twisted partition function won’t be multiplicative if g ∈ S24 but g /∈M24.
Of the 1575 possible partitions of 24 only 30 correspond to multiplicative eta-products [5]. All of the 30 multiplicative
eta-products are recovered from a permutation action of a group of the form 224M24 and 21 of them arise from the
action of M24; these are the 21 eta-products listed in Table 1.
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holds for all γ, σ ∈ Γ and τ ∈ H. Writing γ = ( a bc d ), we have in the above formula γτ = aτ+bcτ+d , and
the Jacobian
jac(γ, τ) = (cτ + d)−2 .
In detail, for γ ∈ Γ, we define the slash operator |ξ,w of weight w associated with the multiplier ξ
by setting
(f |ξ,wγ)(τ) = ξ(γ)f(γτ) jac(γ, τ)w/2 (1.7)
so that a holomorphic function f : H→ C is a modular form of weight w and multiplier ξ for Γ if
and only if (f |ξ,wγ)(τ) = f(τ) for all γ ∈ Γ. In the present case we have( 1
ηg
∣∣∣
ξg ,kg
γ
)
(τ) =
1
ηg(τ)
, for all γ ∈ Γ0(ng), (1.8)
where ξg(γ) = ρng |hg(γ)ςg(γ) with
ρn|h(γ) = e(− 1(γ∞−γ0)nh) = e(−cd/nh) . (1.9)
Note that ρng |hg is actually a character on Γ0(ng) since we have that xy ≡ 1 (mod hg) implies
x ≡ y (mod hg) by virtue of the fact that hg = Ng/ng is a divisor of 24 for every g ∈M24 [3, §3].
2 Mock Modular Forms and M24
In the previous section we have seen the relation between M24 and η-quotients. Recently, there
has been an unexpected observation relating M24 and a weight 1/2 mock modular form. Namely,
consider the q-series
H(τ) = 2q−
1
8
(−1 + 45q + 231q2 + . . . ) = q− 18 (−2 + ∞∑
n=1
tnq
n
)
.
Then the observation made in [9] is that the first few tn’s read
2× 45, 2× 231, 2× 770, 2× 2277, 2× 5796, . . .
and the integers 45, 231, 770, 2277 and 5796 are dimensions of irreducible representations of M24.
This functionH(τ), defined in (2.4), enjoys a special relationship with the group SL2(Z); namely,
it is a weakly holomorphic mock modular form of weight 1/2 on SL2(Z) with shadow 24 η(τ)3 [10, 11].
This means that if we define the completion Hˆ(τ) of the holomorphic function H(τ) by setting
Hˆ(τ) = H(τ) + 24 (4i)−1/2
∫ ∞
−τ¯
(z + τ)−1/2η(−z¯)3dz, (2.1)
then Hˆ(τ) transforms as a modular form of weight 1/2 on SL2(Z) with multiplier system conjugate
to that of η(τ)3. In other words, we have(
Hˆ(τ)|−3,1/2γ
)
(τ) = (γ)−3Hˆ(γτ) jac(γ, τ)1/4 = Hˆ(τ)
for γ ∈ SL2(Z), where  : SL2(Z)→ C∗ is the multiplier system for η(τ) satisfying(
η|,1/2γ
)
(τ) = η(τ) .
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See §A for an explicit description of .
More generally, a holomorphic function h(τ) on H is called a (weakly holomorphic) mock modular
form of weight w for a discrete group Γ (e.g. a congruence subgroup of SL2(R)) if it has at most
exponential growth as τ → α for any α ∈ Q, and if there exists a holomorphic modular form f(τ)
of weight 2− w on Γ such that hˆ(τ), given by
hˆ(τ) = h(τ) + (4i)w−1
∫ ∞
−τ¯
(z + τ)−wf(−z¯)dz, (2.2)
is a (non-holomorphic) modular form of weight w for Γ for some multiplier system ψ say. In this
case the function f is called the shadow of the mock modular form h and ψ is called the multiplier
system of h. Evidently ψ is the conjugate of the multiplier system of f . The completion hˆ(τ)
satisfies interesting differential equations. For instance, completions of mock modular forms were
identified as Maass forms in [12] and this led to a solution of the longstanding Andrews–Dragonette
conjecture (cf. loc. cit.). As was observed in [11] we have the identity
21−wpi=(τ)w ∂hˆ(τ)
∂τ¯
= −2piif(τ)
when f is the shadow of h.
Given the observation regarding the first few Fourier coefficients of H(τ) indicated above one
would like to conjecture that the entire set of values tn for n ∈ Z+ encode the graded dimension
of a naturally defined Z-graded M24 module K =
⊕∞
n=1Kn with dimKn = tn . Of course, this
conjecture by itself is an empty statement, since all positive integers can be expressed as dimensions
of representations of any group, since we may always consider trivial representations. However, the
fact that the first few tn can be written so nicely in terms of irreducible representations suggests that
the Kn should generally be non-trivial, and given any particular guess for a M24-module structure
on the Kn we can test its merit by considering the twists of this mock modular form H obtained by
replacing the identity element in dimKn = trKn 1 with an element g of the group M24. We would
then call the resulting q-series
q−
1
8
(
−2 +
∞∑
n=1
trKn gq
n
)
(2.3)
the McKay–Thompson series attached to g. A non-trivial connection between mock modular forms
and M24 arises if all such McKay–Thompson series of the M24-module K display interesting (mock)
modular properties. In fact, since a function with good modular properties is generally determined
by the first few of its Fourier coefficients, it is easier in practice to guess the McKay–Thompson
series than it is to guess the representations Kn. Not long after the original observation was
announced in [9] candidates for the McKay–Thompson series had been proposed for all conjugacy
classes [g] ⊂ M24 in [13, 14, 15, 16], and with functions T˜g(τ) defined as in Table 2 the following
result was established.
Proposition 2.1. Let H : H→ C be given by
H(τ) =
−2E2(τ) + 48F (2)2 (τ)
η(τ)3
= 2q−
1
8
(−1 + 45q + 231q2 + . . . ) (2.4)
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[g] χ(g) T˜g(τ)
1A 24 0
2A 8 16Λ2
2B 0 −24Λ2 + 8Λ4 = 2η(τ)8/η(2τ)4
3A 6 6Λ3
3B 0 2η(τ)6/η(3τ)2
4A 0 4Λ2 − 6Λ4 + 2Λ8 = 2η(2τ)8/η(4τ)4
4B 4 4(−Λ2 + Λ4)
4C 0 2η(τ)4η(2τ)2/η(4τ)2
5A 4 2Λ5
6A 2 2(−Λ2 − Λ3 + Λ6)
6B 0 2η(τ)2η(2τ)2η(3τ)2/η(6τ)2
7AB 3 Λ7
8A 2 −Λ4 + Λ8
10A 0 2η(τ)3η(2τ)η(5τ)/η(10τ)
11A 2 2(Λ11 − 11η(τ)2η(11τ)2)/5
12A 0 2η(τ)3η(4τ)2η(6τ)3/η(2τ)η(3τ)η(12τ)2
12B 0 2η(τ)4η(4τ)η(6τ)/η(2τ)η(12τ)
14AB 1 (−Λ2 − Λ7 + Λ14 − 14η(τ)η(2τ)η(7τ)η(14τ))/3
15AB 1 (−Λ3 − Λ5 + Λ15 − 15η(τ)η(3τ)η(5τ)η(15τ))/4
21AB 0 (7η(τ)3η(7τ)3/η(3τ)η(21τ)− η(τ)6/η(3τ)2)/3
23AB 1 (Λ23 − 23f23,1 + 23f23,2)/11
Table 2: In this table we collect the data that via equation (2.5) and (3.8) define the weight 1/2 (mock) modular
forms Hg(τ) and the weak Jacobi forms Zg(τ, z). For N ∈ Z+, we denote by ΛN the weight 2 modular form on
Γ0(N) given by ΛN = Nq
d
dq
(log η(Nτ)
η(τ)
) (cf. (A.11)). For N = 23, there are two newforms and we choose the basis
f23,1 = η
2
23AB and f23,2 given in (A.15).
where
F
(2)
2 (τ) =
∑
r>s>0
r−s=1 mod 2
(−1)r s qrs/2 = q + q2 − q3 + q4 + . . . .
Then for all g ∈M24, the function
Hg(τ) =
χ(g)
24
H(τ)− T˜g(τ)
η(τ)3
, (2.5)
is a (mock) modular form for Γ0(Ng) of weight 1/2 with shadow χ(g)η(τ)
3. Moreover, we have
Hˆg(τ) = ψ(γ) jac(γ, τ)
1/4 Hˆg(γτ),
for γ ∈ Γ0(ng) where
Hˆg(τ) = Hg(τ) + χ(g) (4i)
−1/2
∫ ∞
−τ¯
(z + τ)−1/2η(−z¯)3dz.
and the multiplier system is given by ψ(γ) = (γ)−3ρng |hg(γ).
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(See [11] for more information regarding the particular expression for H(τ) given in (2.4).)
Notice that the extra multiplier ρn|h that appears when hg 6= 1 is the same as that of the inverse
eta-product 1/ηg(τ) (cf. (1.9)) which are also related to M24, a fact that is in accordance with the
1/2- and 1/4-BPS spectrum of the N = 4, d = 4 theory obtained by K3× T 2 compactification of
the type II string theory, as will be discussed in more detail in §5.
Our discussion above leads to the following conjecture.
Conjecture 2.2. The weight 1/2 (mock) modular forms Hg defined in (2.5) satisfy
Hg(τ) = q
− 1
8
(− 2 + ∞∑
n=1
qn (trKn g)
)
(2.6)
for a certain Z-graded, infinite-dimensional M24 module K =
⊕∞
n=1Kn.
Moreover, the representations Kn are even in the sense that they can all be written in the form
Kn = kn ⊕ k ∗n for some M24-modules kn where k ∗n denotes the module dual to kn.
The first few Fourier coefficients of the q-series Hg(τ) and the corresponding M24-representations
are given in Table 7.
A proof of for the first part of the above conjecture, namely the existence of an M24-module
K =
⊕∞
n=1Kn such that (2.6) holds, has been attained very recently [17]. However, it is important
to stress that, unlike the eta-product moonshine described in §1, the nature and origin of the
M24-module K remains mysterious.
The compelling modular properties of the functions Hg constitute strong evidence for the exis-
tence of the M24-module K. Yet stronger evidence would be furnished by a uniform construction
of the (mock) modular forms Hg. Such a construction was established recently in [18]. The con-
struction presented there, in terms of Rademacher sums, is of further interest in that it points to an
extension of the connection between M24 and K3 surfaces, expressed in CFT terms via the Hg (cf.
§3), to a connection in the context of quantum gravity. Also, by comparison with the Rademacher
sum expressions for the functions of monstrous moonshine [19], the Rademacher sum construction
of the Hg suggests a reformulation of the crucial genus zero property of monstrous moonshine that
incorporates, and emphasises the distinguished nature of, the functions Hg attached to M24.
Theorem 2.3. [18] Let g ∈ M24. Let reg(γ, τ) be the regularisation factor given by reg(γ, τ) = 1
in case γ is upper triangular (i.e. γ · ∞ =∞) and
reg(γ, τ) = e(γτ−γ∞8 ) e(
γ∞−γτ
8 ,
1
2) (2.7)
otherwise, where e(x, s) is the following generalisation of the exponential function:
e(x, s) =
∑
m≥0
(2piix)m+s
Γ(m+ s+ 1)
. (2.8)
Given Γ < SL2(Z) containing the group Γ∞ of upper triangular matrices in SL2(Z), and given a
character ρ on Γ define the Rademacher sum
RΓ,ρ(τ) = lim
K→∞
∑
γ∈(Γ∞\Γ)<K
ψ(γ) e(−γτ8 ) reg(γ, τ) jac(γ, τ)1/4
where ψ(γ) = ρng |hg(γ)(γ)
−3 and (Γ∞\Γ)<K denotes the set of cosets of Γ∞ in Γ having a represen-
tative with lower row (c, d) satisfying the bounds 0 ≤ c < K and |d| < K2. Then Hg(τ) = −2RΓ,ρ(τ)
when Γ = Γ0(ng) and ρ = ρng |hg .
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3 Weak Jacobi Forms and M24
In the previous section we have discussed the relation between M24 and a set of (mock) modular
forms. The origin and the structure of the corresponding M24-module K remains to be explored,
in contrast to the situation of the cusp forms of §1, whose relation to M24 can be fully understood
in terms of the 24-dimensional permutation representation R. But so far, the observation of the
relation between M24 and mock modular forms was in fact mostly made via a weak Jacobi form
[9]. This weak Jacobi form has the property that it incorporates both the infinite-dimensional M24-
module K and the permutation representation R, a feature that will become even more significant
in our later discussion in §4 about Siegel modular forms. Perhaps the best way to motivate this
observation is to put it in the context of the elliptic genus of K3 surfaces.
For a compact complex manifold M with dimCM = d0, the elliptic genus is defined as the
character-valued Euler characteristic of the formal vector bundle [20, 21, 22, 23, 24]
Eq,y = y
d/2∧−y−1T ∗M⊗n≥1∧−y−1qnT ∗M⊗n≥1∧−yqnTM⊗n≥0 Sqn(TM ⊕ T ∗M ),
where TM and T
∗
M are the holomorphic tangent bundle and its dual, and we adopt the notation∧
qV = 1 + qV + q
2
∧2 V + . . . , SqV = 1 + qV + q2S2V . . . ,
with SkV denoting the k-th symmetric power of V . In other words, we have
EG(τ, z;M) =
∫
M
ch(Eq,y)Td(M). (3.1)
From the above definition we see that this topological quantity reduces to the familiar ones: the
Euler number, the signature, and the Aˆ genus of M , when we specialise z to z = 0, τ/2, (τ + 1)/2,
respectively, when z and τ are such that y = e(z) and q = e(τ).
When M has vanishing first Chern class—in particular when M is a Calabi–Yau manifold—its
elliptic genus EG(τ, z;M) transforms nicely under the group SL2(Z) n Z2 and is in fact a weak
Jacobi form of weight zero and index d0/2 [24]. We say a function φ : H×C→ C is a weak Jacobi
form of weight w and index t if it transforms under SL2(Z)n Z2 as follows:
φ(τ, z) = jac(γ, τ)w/2e(−t cz2cτ+d)φ(γ(τ, z)), γ =
( a b
c d
)
∈ SL2(Z)
φ(τ, z) = e(t(λ2τ + 2λz))φ(τ, z + λτ + µ), λ, µ ∈ Z (3.2)
where γ(τ, z) = (aτ+bcτ+d ,
z
cτ+d) and if the Fourier expansion of φ in q = e(τ) and y = e(z) involves no
negative powers of q.
The fact that the elliptic genus of a Calabi–Yau manifold M is a Jacobi form can be proven from
the definition (3.1) [25], but is especially clear from the point of view of conformal field theories.
When the target space manifold M is Calabi–Yau the corresponding supersymmetric sigma model
with N = 2 supersymmetry is also conformal. The spectrum of the supersymmetric states is
encoded in the function
EG(τ, z;M) = trHRR
(
(−1)J0+J¯0yJ0qL0−c/24q¯L¯0−c/24
)
(3.3)
where c = 3d0 is the central charge of the conformal field theory, and J0, L0, J¯0, L¯0 are the zero
modes of the left- and right-moving copies of the U(1) and Virasoro parts of the N = 2 superconfor-
mal algebra, respectively, and HRR denotes the space of quantum states in the Ramond–Ramond
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sector. The action of the N = (2, 2) superconformal algebra then predicts that the right hand side
of (3.3) transforms as in (3.2) with w = 0 and t = d0/2. As our notation suggests, the Jacobi
forms attached to M by (3.1) and (3.3) coincide. To understand this we should view the vector
bundle Eq,y as the space of the Ramond–Ramond quantum states of the CFT built by acting on
the Ramond sector ground states with the left-moving bosonic operators α−n and the fermionic
operators ψi−n, ψı¯−n.
When written in the form (3.3) the elliptic genus may be interpreted as computing the graded
dimension of the cohomology of the right-moving supercharge [23], graded by the left-moving quan-
tum numbers. At the special value z = 0 the above definition reduces to that of a Witten index
enumerating Ramond–Ramond ground states.
The Jacobi form property greatly constrains the possibilities for the elliptic genus of a Calabi–
Yau manifold M . For example, when M is a K3 surface the Euler number EG(τ, z = 0;K3) = 24
forces the elliptic genus to be
Z(τ, z) = EG(τ, z;K3) = 8
∑
i=2,3,4
(
θi(τ, z)
θi(τ, 0)
)2
, (3.4)
as computed in [26] (cf. §A.2 for the definition of θi(τ, z)). In particular this function is independent
of the choice of K3 surface and so there is no ambiguity in writing K3 in place of M in (3.4).
It is to be expected that some further special properties should hold for the elliptic genus when
M is a K3 surface because two (complex) dimensional Calabi–Yau manifolds are not only Ka¨hler
but also hyper-Ka¨hler. As a result, the U(1)R symmetry can be extended to SU(2)R and the sigma
model has enhanced N = 4 superconformal symmetry for both the left and the right movers. This
leads to a specific decomposition of the elliptic genus of an N = 4 SCFT that we will now explain.
Since the underlying CFT admits an action by the N = 4 superconformal algebra the Hilbert
space decomposes into a direct sum of (unitary) irreducible representations of this algebra. Hence
the elliptic genus (3.3) can be written as a sum of characters of representations of this algebra with
some multiplicities (cf. (3.7)). A natural embedding of the U(1) current algebra of the N = 2
superconformal algebra into the SU(2) current algebra of the N = 4 superconformal algebra is
obatined by choosing J30 ∼ J0. As a result, the N = 4 highest weight representations are again
labeled by two quantum numbers h, `, corresponding to the operators L0, J
3
0 respectively, and the
character of an irreducible representation Vh,` say is defined as
chh,`(τ, z) = trVh,`
(
(−1)J0yJ0qL0−c/24
)
.
For the central charge c = 6, there are two supersymmetric (also called ‘BPS’ or ‘massless’) repre-
sentations in the Ramond sector and they have the quantum numbers
h = 14 , ` = 0,
1
2 .
Their characters are given by [27, 28, 29]
ch 1
4
,0(τ, z) =
θ21(τ, z)
η3(τ)
µ(τ, z), (3.5)
ch 1
4
, 1
2
(τ, z) = q−
1
8
θ1(τ, z)
η3(τ)
− 2θ1(τ, z)
2
η3(τ)
µ(τ, z),
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where µ(τ, z) denotes the so-called Appell-Lerch sum
µ(τ, z) =
−iy1/2
θ1(τ, z)
∞∑
`=−∞
(−1)`y`q`(`+1)/2
1− yq` .
Notice that the supersymmetric representations have non-vanishing Witten index
ch 1
4
,0(τ, z = 0) = 1, ch 1
4
,0(τ, z = 0) = −2.
On the other hand the massive (or ‘non-BPS’ or ‘non-supersymmetric’) representations with
h = 14 + n, ` =
1
2 , n = 1, 2, . . .
have the character given by
ch 1
4
+n, 1
2
(τ, z) = q−
1
8
+n θ
2
1(τ, z)
η3(τ)
which has, by definition, vanishing Witten index ch 1
4
+n, 1
2
(τ, z = 0) = 0.
Rewriting the K3 elliptic genus in terms of these characters, we arrive at the following specific
expression for the weak Jacobi form Z(τ, z) [26, 10, 30]
Z(τ, z) = θ
2
1(τ, z)
η3(τ)
(
aµ(τ, z) + q−1/8
(
b+
∞∑
n=1
tnq
n
))
(3.6)
where a, b ∈ Z and tn ∈ Z for all positive integers n, and the tn count the number of non-
supersymmetric representations with h = n + 1/4 which contribute to the elliptic genus. As the
notation suggests, from (3.4) we can compute the above integers to be a = 24, b = −2, and the first
few tn’s are indeed as we have seen in the last section
2× 45, 2× 231, 2× 770, 2× 2277, 2× 5796, . . .
In other words, the mock modular form H(τ) (cf. (2.4)) can be interpreted as the generating
function of multiplicities of massive irreducible representations of theN = 4 superconformal algebra
in the K3 elliptic genus.
In this context, the origin of the mock modularity of H(τ) can be understood in the following
way. From the fact that the elliptic genus (3.6) transforms nicely under SL2(Z), so must the
combination 24µ(τ, z) +H(τ). Now, the Appell-Lerch sum itself does not transform nicely, rather
its non-holomorphic completion
µˆ(τ ; z) = µ(τ ; z)− 1
2
∫ ∞
−τ¯
dz
η3(−z)√
i(z + τ)
transforms like a weight 1/2 theta function. This has been demonstrated in [31] as part of a
systematic treatment of mock θ-functions. Therefore, the mock modularity of the q-series H(τ) is
directly related to the mock modularity of the massless (BPS) N = 4 characters (3.5).
In (3.6) we have seen the appearance of the infinite-dimensional M24-module K in the elliptic
genus Z(τ, z). One might wonder whether M24 acts on the other part of the decomposition as well.
A simple observation is that a = 24 is the dimension of the defining permutation representation
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R of M24, and hence a naive guess will be that M24 acts on the massless N = 4 multiplets as the
direct sum of R and a two dimensional (odd) trivial representation and this suggests that we write
24 = trR 1. Together with this assumption, the conjecture (2.2) of the previous section implies
that M24 acts on the states of the K3 sigma model contributing to the elliptic genus and moreover
commutes with the superconformal algebra. Therefore, it is natural to consider also the twisted
(or equivariant) elliptic genus which is expected to have the decomposition
Zg(τ, z) = θ
2
1(τ, z)
η3(τ)
(
χ(g)µ(τ, z) +Hg(τ)
)
=
∑
n≥0,`∈Z
cg(4n− `2)qny` with χ(g) = trR g.
(3.7)
Again, a non-trivial connection between weak Jacobi forms and M24 arises if all such Zg(τ, z)
display interesting modular properties. Moreover, as we mentioned in §1, consistency with the CFT
interpretation requires this to be true. More specifically it requires that Zg(τ, z) transform nicely
under the action of Γ0(ng). Indeed, from the (mock) modularity of Hg(τ) (cf. (2.1)) it is now easy
to show
Proposition 3.1. For all g ∈M24, the function
Zg(τ, z) = χ(g)
12
ϕ0,1(τ, z) + T˜g(τ)ϕ−2,1(τ, z) (3.8)
is a weak Jacobi form of weight 0 and index 1 for the group Γ0(Ng). Moreover, we have
Zg(τ, z) = ρng |hg(γ)e
(
− cz2cτ+d
)
Zg(γ(τ, z))
for γ ∈ Γ0(ng).
In the above ϕ0,1(τ, z) and ϕ−2,1(τ, z) are weight 0 and weight 2, index 1 weak Jacobi forms
whose explicit expressions can be found in Appendix A. The weight two modular forms T˜g(τ) are
listed in Table 2.
As forM24-modules, the conjecture (2.2) on the relationship betweenHg(τ) andM24 now implies
that the Fourier coefficients cg(4n− `2) of the twisted K3 elliptic genus encode the supercharacter
of a Z-graded super (or virtual) representation Kˆ =
⊕
Kˆ4n−`2 for M24. More specifically, we have
the following conjecture.
Conjecture 3.2. The Fourier coefficients cg(k) of
Zg(τ, z) =
∑
n≥0,`∈Z
cg(4n− `2)qny`
satisfy cg(k) = strKˆkg for k ≡ 0, 3 (mod 4) and k ≥ −1 where Kˆk is the degree k component of an
infinite-dimensional, Z-graded super (or virtual) module Kˆ for M24.
Kˆ =
( ∞⊕
`=0
Kˆ4`−1
)⊕( ∞⊕
`=0
Kˆ4`
)
.
Moreover, when k 6= 0 the representation Kˆk is even in the sense that is has the form kˆk⊕ kˆ ∗k where
kˆk is a certain super representation of M24 and kˆ
∗
k denotes its dual.
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The first few coefficients cg(k) and the corresponding M24 super module Kˆk can be found in
Tables 5 and 6.
We conclude this section with a related conjecture which seeks to identify a mechanism that
will explain why the largest Mathieu group should be related to the modular objects described in
this section.
Conjecture 3.3. The elliptic cohomology of K3 surfaces furnishes an infinite-dimensional, Z-
graded M24-supermodule. More precisely, the cohomology of the right-moving supercharge as com-
puted by the elliptic genus (3.3) is an infinite-dimensional Z-graded M24-supermodule whose char-
acters (the twisted elliptic genera) are given by Zg(τ, z).
In particular, at special points in the CFT moduli space where the Abelian subgroup 〈g〉 ⊂
M24 generated by an element g ∈ M24 is a symmetry of the full Hilbert space (and not just the
cohomology), we have
Zg(τ, z) = trHRR
(
g (−1)J0+J¯0yJ0qL0−c/24q¯L¯0−c/24
)
. (3.9)
As evidence for this conjecture we observe that (3.9) is known to be true in the case of conformal
field theories corresponding to certain special points in the K3 moduli space where the group 〈g〉
is realised as hyper-Ka¨hler automorphisms of the K3 surface. This is related to the result of
Mukai [32] (see also [33]) that any finite group of hyper-Ka¨hler automorphisms of a K3 surface
can be embedded in M23—the maximal subgroup of M24 fixing a point in the defining permutation
representation R. Mukai’s result can be obtained by considering the relationship between the action
of M24 on a certain Niemeier lattice and the cohomology lattice of the K3 surface in question.
Explicit computations along these lines can be found in [34]. An interesting stringy analogue of
Mukai’s result has been obtained in [35]. For g ∈ 2A, 3A, 4B, 5A, 6A, 7A, the twisted K3 elliptic
genus has been computed in this way in [36, 37, 38]. On the other hand, the elliptic cohomology
can remain invariant even when the K3 surface is not invariant. In the generic situation where g is
a symmetry of the cohomology but not the full Hilbert space, one should adopt the above formula
and first compute the cohomology by taking the trace on the right-moving sector before inserting
the operator g.
4 Siegel Modular Forms and M24
In §3 we have discussed the relation between M24 an a set of weak Jacobi forms. It turns out that
there is a set of Siegel modular forms that are closely related to these weak Jacobi forms via the
so-called Borcherds, or exponential lift. As a result, we expect the relation described in §3 to be
translated into a relation between these Siegel modular forms and M24. In particular, both the
permutation representation R and the infinite-dimensional representation K play an evident role in
defining these Siegel forms. It is the goal of this section to describe and discuss these connections.
First we will consider the relation between the weak Jacobi forms appearing in §3 and Siegel
modular forms. Recall that it is natural to consider the weak Jacobi forms Zg(τ, z) as twisted
elliptic genera of K3 surfaces as this interpretation makes the modularity as well as the connection
to M24 and the mock modular forms in §2 manifest. Similarly, we can arrive at Siegel modular
forms by considering the elliptic genera of the symmetric powers SNM = MN/SN of a Calabi–Yau
manifold M . In [39, 40], an elegant expression for the generating function of the EG(τ, z;SNM)
for a d0 (complex) dimensional Calabi–Yau manifold M in terms of EG(τ, z;M) has been obtained
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by identifying such a generating function with the partition function of second-quantised strings
on S1 ×M . This identification gives
∞∑
N=0
pN EG(τ, z;SNM) = exp
( ∞∑
N=0
pN (TN EG)(τ, z;M)
)
=
∏
n>0,
m≥0,
`∈Z
( 1
1− pnqmy`
)c(2d0nm−`2)
,(4.1)
where
EG(τ, z;M) =
∑
n,`
c(2d0nm− `2)qny`
is the elliptic genus of M itself and TN is the Hecke operator mapping a Jacobi form φ(τ, z) of
weight zero and index t to a form of weight zero and index Nt. Explicitly, we have
(TNφ)(τ, z) =
1
N
∑
ad=N
b mod d
φ
(
aτ + b
d
, az
)
. (4.2)
The right hand side of (4.2) has a natural interpretation as a sum over degree N maps between
elliptic curves E → E′, mapping the two 1-cycles of E according to ( a b0 d ), and summing over N
gives the instanton contributions to the free energy of the free string theory. This leads to a path-
integral derivation of the expression (4.1) for the second-quantised elliptic genus. As the elliptic
genus of a single copy of M is a weak Jacobi form, one might guess that this second-quantised
elliptic genus, encoding elliptic genera of all the symmetric powers of M through the parameter
p, also has interesting automorphy. It was observed in [39, 25] that, up to a factor which has the
effect of symmetrising p and q, the second-quantised elliptic genus is in fact a Siegel modular form
when M is Calabi–Yau.
To explain this recall that the genus two Siegel upper half space H2 may be realised concretely
as the set of symmetric 2 × 2 matrices with complex entries whose imaginary parts are positive
definite.
H2 = {Ω ∈M2(C) | Ω = Ωt, det=(Ω) > 0, tr=(Ω) > 0} (4.3)
We may introduce (complex) coordinates σ, τ and z on H2 by requiring that
Ω =
(
σ z
z τ
)
(4.4)
and then σ, τ ∈ H, where H is the upper half plane, and z ∈ C satisfies =(z)2 < =(σ)=(τ). A
function Φk(Ω) : H2 → C is called a Siegel modular form of weight k for a group Γ(2) ⊂ Sp2(Q) if
Φk((AΩ +B)(CΩ +D)
−1) = (CΩ +D)kΦk(Ω)
for all (
A B
C D
)
∈ Γ(2) .
As alluded to above, after introducing a factor A(Ω), sometimes referred to as the Hodge anomaly,
which depends only on the Hodge numbers of M , the second-quantised elliptic genus of an even
16
dimensional Calabi–Yau manifold M is a Siegel modular form of some weight for the full Siegel
modular group Sp2(Z). More precisely, upon setting p = e(σ) one obtains that
1
Φk(Ω)
= A(Ω)
∞∑
N=0
pN EG(τ, z;SNM)
is a Siegel modular form of weight −k = −12χ′d0(M) for dimCM = 2d0 where
χ′n(M) =
2d0∑
m=1
(−1)n+mhn,m(M).
See [25] for a complete description of the modular property.
In the case of interest to us, where M is a K3 surface, we have
Φ10(Ω) = pqy
∏
m,n,l∈Z
(m,n,l)>0
(1− pmqnyl)c(4mn−l2)
= pqy
∏
(n,m,`)>0
exp
(
−
∞∑
k=1
c(4nm− `2)
k
(pmqny`)k
) (4.5)
for the reciprocal of the A(Ω)-corrected second-quantised elliptic genus, where the condition denoted
(m,n, l) > 0 is that m,n ≥ 0 and l < 0 when m = n = 0 and the values c(k) are the Fourier
coefficients of the K3 elliptic genus (3.7). This function Φ10(Ω) is a cusp form of weight 10 for
Sp2(Z) and is typically taken as one of four standard generators of the full ring of Siegel modular
forms for Sp2(Z) [41, 42].
Physically, the extra factor A(Ω) accounts for the further compactification on K3×T 2 [43, 44].
As a result, the Siegel modular form 1/Φ10 has the interpretation of counting 1/4-BPS states of
type II superstring theory compactified on K3× T 2 [39]. See [45, 46] for a review of this topic and
for further references. There are interesting subtleties regarding the poles of the function 1/Φ10 for
which we refer also to [47, 48, 49, 11].
The elliptic genus plays an evident role in defining the automorphic form Φ10(Ω). Mathemat-
ically, this is a special case of a general method, known as the Borcherds or exponential lift, for
transforming the data of a weak Jacobi form in to a Siegel modular form [50, 51, 52]. In §3 we have
seen that, apart from Z(τ, z), we have in fact a weak Jacobi form Zg(τ, z) for each conjugacy class
[g] of M24, and a natural question to ask at this point is whether there are also Siegel modular
forms Φg(Ω) obtained from these by a similar lifting. It turns out that, both from the algebraic
and geometric points of view, there are natural candidates for such functions on H2.
From the interpretation of the Hecke operator as summing over degree N maps between elliptic
curves and the interpretation of twisting as changing the boundary condition in the path integral,
we see that we should replace the Hecke operator with the equivariant (or twisted) Hecke operator:
(TNZg)(τ, z) = 1
N
∑
ad=N
b mod d
Zga
(
aτ + b
d
, az
)
. (4.6)
17
(See [53, 54] for a more thorough geometric description of the equivariant Hecke operator.) From
the above argument we see that the corresponding twisted object is [13]
Φg(Ω) = pqy
∏
(n,m,`)>0
exp
(
−
∞∑
k=1
cgk(4nm− `2)
k
(pmqny`)k
)
. (4.7)
Note that the above expression can again be rewritten in an infinite-product form. The functions
Φg(Ω) for g ∈ 2A, 3A, 5A, 7A were proposed previously as partition functions for 1/4-BPS states
twisted by a Z/p symmetry of the theory for p = 2, 3, 5, 7 in [55, 56, 57, 38, 58]. See also [59] for a
closely related discussion.
The zeros of a Siegel modular form constitute its rational quadratic divisor. In the case of
Φ10(Ω) the zeros are the images under the Siegel modular group Sp2(Z) of
lim
z→0
(2piiz)−2 Φ10(Ω) = η(τ)
24η(σ)24. (4.8)
Interestingly, this limit recovers (two copies of) the cusp form ηg(τ) discussed in §1 for the case
that g is the identity element. In fact, this property holds more generally. In §3 we have seen
how the weak Jacobi forms Zg(τ, z) incorporate both the permutation representation R, which is
responsible for the connection between cusp forms ηg(τ) and M24, and the infinite-dimensional M24
representation K underlying the connection to the mock modular forms Hg(τ). The data of both
these M24-modules is thus contained in Φg(Ω) via the lifting procedure described above. Through
direct computation we see that taking the limit z → 0 amounts to “forgetting” the data of the
massive module K. And more generally, using (1.4) it can be shown [13] that
lim
z→0
(2piiz)−2 Φg(Ω) = ηg(τ) ηg(σ) (4.9)
for all g ∈M24 with Φg(Ω) defined as in (4.7). (See also [60] for a slightly different approach.)
It is natural to ask about the automorphic properties of the Φg(Ω). As Φ10(Ω)—corresponding
to the identity element of M24—is a Siegel modular form for the full Siegel modular group, it is
reasonable to guess that each Φg(Ω) for g ∈ M24 is a Siegel modular form for some congruence
subgroup of Sp2(Z). Inspired by physical considerations to be discussed in the next section we are
led to the following.
Conjecture 4.1. For g ∈ M24 the function Φg(Ω) is a Siegel modular form, with a possibly non-
trivial multiplier, for a subgroup of Sp2(Z) containing Γ
(2)
0 (Ng), where
Γ
(2)
0 (N) =
{(
A B
C D
)
∈ Sp2(Z)
∣∣C = 0 mod N} .
Note that Γ
(2)
0 (N) is the genus two analogue of Γ0(N) defined in (1.2). As evidence in support
of Conjecture 4.1 we remark that the functions Φg(Ω) for g ∈ 2A, 3A, 4B have been discussed
in [61] and have been verified to transform in the required way under Γ
(2)
0 (Ng) with Ng = 2, 3, 4
respectively. The automorphic property of Φg(Ω) has also been discussed for g ∈ 5A, 7A in [36].
We conlcude this section with some discussion of open questions. First, apart from the infinite
products we have seen in (4.5) and (4.7) another way to construct a Siegel modular form of a given
weight is to apply the Maass or additive lift to a Jacobi form of the same weight. See for instance
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[52, 61]. It seems that the cusp form ηg(τ) can be used to perform an additive lift construction
of Φg(Ω) for some conjugacy classes of M24 as well [62, 13, 60], however, so far there is no known
formulation that applies to all elements of M24.
Second, recall that (4.8) may be obtained as the pinching limit (→ 0) of the genus two bosonic
string amplitude associated to gluing pairs of tori [39, 63]. It would be interesting to have an
analogous interpretation for general Φg(Ω). We refer to [64] for a related discussion relevant to the
special case that g ∈ 2A.
Last but not least, the weight five Siegel modular form ∆5 = Φ
1/2
10 coincides with the denomi-
nator of a generalised Kac–Moody superalgebra [51]. The relationship between Φ10(Ω), the Jacobi
form Z(τ, z) and representations of M24 (cf. §3) suggests the possibility of an action of M24 on
the roots of this or some closely related superalgebra. Since the Siegel modular form Φ10(Ω), to-
gether with its twists Φg(Ω), unifies all the automorphic objects discussed above it would be very
interesting to have a concrete M24-module that realises these functions Φg(Ω). The existence of
the generalised Kac–Moody superalgebra attached to ∆5 suggests that such a construction might
be possible. See [65] for some related discussions. We mention here that early results relating
Siegel modular forms to infinite-dimensional Kac–Moody algebras appeared in [66]. In particular,
evidence for a family of generalisations of the Maass lift (mentioned above) is provided in loc. cit.
According to [67] the subalgebra of the generalised Kac–Moody superalgebra attached to ∆5 gen-
erated by its real roots appears as a subalgebra of the hyperbolic Kac–Moody algebra considered in
[66]. Interesting connections between ∆5, moduli of K3 surfaces and (an “automorphic correction”
of) the hyperbolic Kac–Moody algebra of [66] are established in [68].
5 String Theory and M24
So far we have phrased our discussions in terms of automorphic forms and the relatively familiar
language of conformal field theories and vertex operator algebras. However, much useful intuition
can be been derived from the physical system of quantum black holes in the K3× T 2-compactified
string theory—another indication that the largest Mathieu group is closely connected to K3 surfaces
in a way that is yet to be fully understood. In this final section we will describe how the various
mathematical objects and relations discussed above can be understood in the context of this physical
setup. We will assume familiarity with the basics of string theory.
First we start with the string theoretic interpretation of the cusp forms of §1. Apart from being
the partition function of the theory with 24 free chiral bosons, the function 1/η(τ)24, which is
1/ηg(τ) for g the identity of M24, encodes the graded numbers of the supersymmetric (perturbative)
states in heterotic string theory. As a result, the duality between type II and heterotic string theories
dictates that this function is also the generating function for the index enumerating BPS states
preserving 8 of the 16 supercharges of type II string theory compactified on K3× T 2. In the event
that a particular K3 surface admits a hyper-Ka¨hler automorphism that can be identified with the
cyclic subgroup 〈g〉 of M24 [32, 33] we can also compute the 1/2-BPS partition function twisted
by the symmetry g of the Hilbert space. As can be expected from the discussion in §1 these turn
out to be none other than inverses Zg(τ) = 1/ηg(τ) of cusp forms attached to M24 in the cases
that have been explicitly verified; viz. g ∈ 2A, 3A, 4B, 5A [45, 58]. More generally, if the 1/2-BPS
spectrum of the K3× T 2-compactified type II string theory has a symmetry generated by g ∈M24
we can expect the corresponding twisted partition function to be given by Zg(τ) = 1/ηg(τ).
Next we turn to the physical interpretation of the connection between representations of M24
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Figure 1: The relations between the automorphic objects discussed in this review and the physical
objects associated to them.
and the Siegel modular form Φ10(Ω) arising from the fact that the latter can be identified (cf.
(4.5))with the Borcherds lift of Z(τ, z). Recall that Φ10(Ω) is almost equal to the generating
function of the elliptic genera of the symmetric powers SNK3 and only differs from this by the
Hodge anomaly A(Ω). Physically this extra factor A(Ω) accounts for the further compactification
on K3× T 2 [43, 44]. As a result, the function form 1/Φ10 can be interpreted as counting 1/4-BPS
states of type II superstring theory compactified on K3 × T 2 [39]. (See [45, 46] for a review of
this topic and for further references.) With this interpretation, Conjecture 3.2 suggests that these
1/4-BPS states of K3× T 2-compactified superstring theory furnish representations of M24, which
then suggests that we can compute the twisted 1/4-BPS partition function for the theory and arrive
at Φg(Ω) as given in (4.7).
It is interesting to observe that (4.9) must hold in order for the above string theoretic interpre-
tation of 1/Φg(Ω) and 1/ηg(τ) to be consistent [13]. This is because the number of states preserving
1/2 and 1/4 of the supersymmetries are related through the presence of the so-called two-centred
bound states, which are bound states preserving 1/4 of the supersymmetries of two particles that
preserve 1/2 of the supersymmetries in their respective isolation. As alluded to earlier, the zeros
of the Siegel modular form Φ10(Ω) play a special role in the physical counting of BPS states. They
correspond to the poles of the partition function 1/Φ10 and their physical significance is different
depending on whether or not they intersect the (two-sheeted) hyperboloid 〈=(Ω),=(Ω)〉 = −R
when R is taken to be very large (and real). On the other hand, the poles which do intersect
the hyperboloid, such as those at z = 0, control the absence or presence of the aforementioned
two-centred bound states [47, 48, 49, 11]. Recall that such 1/2-BPS states can be thought of as
quantum states in a theory with 24 free bosons and hence admit an action by M24 according to
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the discussion of §1; this dictates (4.9). We summarise the relations between the cusp forms, weak
Jacobi forms, Siegel modular forms and their physical interpretations in Figure 1.
The above discussion constitutes strong evidence that the largest Mathieu group acts as sym-
metries of the supersymmetric states of K3 × T 2-compactified superstring theory at any point in
the moduli space of the theory. An understanding of this is yet to be achieved but some related re-
sults have been obtained recently in [34, 35]. This problem is extremely interesting since a positive
solution will provide us with a way to understand the relation between M24 and the automorphic
objects discussed in the present paper through string theory.
A Modular Forms
A.1 Dedekind Eta Function
The Dedekind eta function, denoted η(τ), is a holomorphic function on the upper half-plane defined
by the infinite product
η(τ) = q1/24
∏
n≥1
(1− qn)
where q = e(τ) = e2piiτ . It is a modular form of weight 1/2 for the modular group SL2(Z) with
multiplier  : SL2(Z)→ C∗, which means that
(γ)η(γτ) jac(γ, τ)1/4 = η(τ)
for all γ =
(
a b
c d
) ∈ SL2(Z), where jac(γ, τ) = (cτ +d)−2. The multiplier system  may be described
explicitly as

(
a b
c d
)
=
{
e(−b/24), c = 0, d = 1
e(−(a+ d)/24c+ s(d, c)/2 + 1/8), c > 0 (A.10)
where s(d, c) =
∑c−1
m=1(d/c)((md/c)) and ((x)) is 0 for x ∈ Z and x − bxc − 1/2 otherwise. We
can deduce the values (a, b, c, d) for c < 0, or for c = 0 and d = −1, by observing that (−γ) =
(γ) e(1/4) for γ ∈ SL2(Z).
Let T denote the element of SL2(Z) such that tr(T ) = 2 and Tτ = τ + 1 for τ ∈ H. Observe
that
(Tmγ) = (γTm) = e(−m/24)(γ)
for m ∈ Z.
A.2 Theta Functions
The Jacboi theta functions θi(τ, z) are defined as follows for q = e(τ) and y = e(z).
θ1(τ, z) = −iq1/8y1/2
∞∏
n=1
(1− qn)(1− yqn)(1− y−1qn−1)
θ2(τ, z) = q
1/8y1/2
∞∏
n=1
(1− qn)(1 + yqn)(1 + y−1qn−1)
θ3(τ, z) =
∞∏
n=1
(1− qn)(1 + y qn−1/2)(1 + y−1qn−1/2)
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θ4(τ, z) =
∞∏
n=1
(1− qn)(1− y qn−1/2)(1− y−1qn−1/2)
A.3 Weak Jacobi Forms
According to [69, Thm. 9.3] (see also [66, §7]) the ring of weak Jacobi forms of even weight is
generated by the functions
ϕ0,1(τ, z) = 4
((
θ2(τ, z)
θ2(τ, 0)
)2
+
(
θ3(τ, z)
θ3(τ, 0)
)2
+
(
θ4(τ, z)
θ4(τ, 0)
)2)
,
ϕ−2,1(τ, z) = −θ1(τ, z)
2
η(τ)6
,
where ϕ0,1 has weight 0 and index 1 and ϕ−2,1 has weight −2 and index 1.
A.4 Forms of Higher Level
The congruence subgroups of the modular group SL2(Z) that are most relevant for this paper are
Γ0(N) =
{[
a b
c d
]
∈ SL2(Z), c = 0 mod N
}
.
For N > 1 a (non-zero) modular form of weight two for Γ0(N) is given by
ΛN (τ) = N q∂q log
(
η(Nτ)
η(τ)
)
(A.11)
=
N(N − 1)
24
(
1 +
24
N − 1
∑
k>0
σ(k)(qk −NqNk)
)
where σ(k) is the divisor function σ(k) =
∑
d|k d.
A modular form on Γ0(N) is a modular form on Γ0(M) whenever N |M and for some small N
the space of forms of weight 2 spanned by the Λd(τ) for d a divisor of N . In the case that N = 11
we have the newform
f11(τ) = η
2(τ)η2(11τ) (A.12)
which is cusp form of weight 2 for Γ0(11) that is not a multiple of Λ11(τ). We meet the newforms
f14(τ) = η(τ)η(2τ)η(7τ)η(14τ), (A.13)
f15(τ) = η(τ)η(3τ)η(5τ)η(15τ), (A.14)
at N = 14 and N = 15, respectively, and together with fN the functions Λd(τ) for d|N span the
space of weight 2 forms on Γ0(N) for N = 11, 14, 15.
For N = 23 there is a two dimensional space of newforms. We may use the basis
f23,1(τ) = η23AB(τ)
2 = η(τ)2η(23τ)2
f23,2(τ) =
η(τ)3η(23τ)3
η(2τ)η(46τ)
+ 4η(τ)η(2τ)η(23τ)η(46τ) + 4η(2τ)2η(46τ)2 (A.15)
22
(but note that these are not Hecke eigenforms). See [70] and Chapter 4.D of [71] for more details.
A discussion of the ring of weak Jacobi forms of higher level can be found in [72]. From its
Proposition 6.1 we conclude that the space of weak Jacobi forms of weight 0 and index 1 for Γ0(N)
is spanned by ϕ0,1(τ, z) and the functions f(τ)ϕ−2,1(τ, z) where f(τ) is a modular form of weight
2 for Γ0(N).
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